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Abstract. Primordial black holes in the mass range of ground-based gravitational-wave detec-
tors can comprise a significant fraction of the dark matter. Mass and spin measurements from
coalescences can be used to distinguish between an astrophysical or a primordial origin of the
binary black holes. In standard scenarios the spin of primordial black holes is very small at
formation. However, the mass and spin can evolve through the cosmic history due to accretion.
We show that the mass and spin of primordial black holes are correlated in a redshift-dependent
fashion, in particular primordial black holes with masses below O(30)M are likely non-spinning
at any redshift, whereas heavier black holes can be nearly extremal up to redshift z ∼ 10. The
dependence of the mass and spin distributions on the redshift can be probed with future detectors
such as the Einstein Telescope. The mass and spin evolution affect the gravitational waveform
parameters, in particular the distribution of the final mass and spin of the merger remnant, and
that of the effective spin of the binary. We argue that, compared to the astrophysical-formation
scenario, a primordial origin of black hole binaries might better explain the spin distribution of
merger events detected by LIGO-Virgo, in which the effective spin parameter of the binary is
compatible to zero except possibly for few high-mass events. Upcoming results from LIGO-Virgo
third observation run might reinforce or weaken these predictions.
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1 Introduction
The LIGO-Virgo detection of gravitational waves (GWs) generated by the coalescence of rather
massive binary black holes (BHs) [1–4] has renewed the interest in understanding the physical
origin (either astrophysical or primordial [5]) of these binaries. This has also motivated the idea
that a fraction (or all) of the dark matter (DM) in the universe may be composed by Primordial
Black Holes (PBHs) whose formation takes place at primordial epochs [6–9] (see also Refs. [10–
12] for some reviews). For instance, one of the most common scenarios for PBH formation is
through the collapse of sufficiently sizeable overdensities in the early universe originated by an
enhancement in the comoving curvature perturbation power spectrum at small scales during the
inflationary era [13–15]. In the absence of primordial non-Gaussianity, PBHs are also not initially
clustered [16–19].
Besides their mass, a particularly relevant property of BHs is their spin. Larger spins imply
smaller orbital separations at merger, longer inspiral phases, and therefore larger integrated fluxes
of GWs. Furthermore, the mass and spin distributions carry the footprint of the BH formation
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channels and allow performing “BH archaeology” by tracing back the physical origin of BHs from
their observed properties. For the GW events so far detected [4] it is possible to measure the
individual masses, the final mass and spin of the merger remnant, as well as the effective spin of
the BH binary (we use G = c = 1 henceforth)
χeff =
~J1/M1 + ~J2/M2
M1 +M2
· Lˆ, (1.1)
where M1 and M2 are the individual BH masses, ~J1 and ~J2 are the corresponding angular-
momentum vectors, and Lˆ is the direction of the orbital angular momentum.
From the observational point of view, there is a general tendency for the effective spin
parameter of merger events detected so far to be compatible with zero [3, 4], with possible few
exceptions [4, 20–22] of high-mass events (total mass larger than 50M). The available data
indicates that the dispersion of χeff around zero grows with the mass [23]. Several attempts
have been made in order to explain such a tendency. As far as BHs of astrophysical origin are
concerned, there is still not a firm prediction for their spin distributions. There are currently
two major models which try to address how astrophysical BHs spins are distributed. The first
considers the formation of binaries in a shared envelope evolution within galactic fields, for
which the final spin and the orbital angular momentum are nearly aligned [24], although some
astrophysical models predict spin misalignment (see, e.g., Refs. [25, 26]). The second mechanism
concerns binaries originated in globular or stellar clusters by dynamical capture in the proximity
of active galactic nuclei and leads to an isotropic spin distribution centered around zero. However,
in both scenarios the spin magnitude is not necessarily small (see Ref. [23] for a discussion). The
information on the effective spin parameter of the binary can be used to disentangle between
these two astrophysical regimes [27–30]. In particular it has been claimed that, as long as the
spins of the binary BHs are not small, the aligned angular distribution is disfavoured [31], but
see Ref. [32] for some caveats. Other attempts have also been made to distinguish between the
isotropic and aligned distributions even regardless of the distribution of the intrinsic spins [33].
As far as a primordial origin is concerned, PBHs produced during a radiation-dominated
epoch through the collapse of large overdensities are born with dimensionless spins at the percent-
age level [34, 35], even though other formation mechanisms may lead to larger initial spins, see
for instance Refs. [36, 37]. The fact that PBHs are likely produced with small initial spins might
suggest a natural explanation for the small observed values of the effective spin parameters in
binary mergers. However, this would be true only if PBHs do not change their spin considerably
during their cosmological evolution.
The goal of this paper is to investigate the evolution of the spins and masses of PBHs which
have merged to provide a GW signal and therefore have formed a binary either in the early or
late universe. We will therefore provide the probability distributions for the binary parameters,
including χeff, and the final mass and spin of the BH merger remnant.
Several phenomena might affect the spin evolution of PBHs [38]1. First, PBHs might accrete
efficiently during the cosmic history [40]. The accretion rate depends strongly on the velocity of
the accreting system relative to the surrounding gas: it therefore depends on whether the PBH
accretes when isolated (i.e., with relative velocities smaller than or comparable to the speed of
sound in the gas) or in a binary (i.e., with much larger relative velocities), and hence on whether
the PBH binary forms [10] (see Appendix A) before or after the peak of the accretion history,
which occurs at z . 100 [40, 41]. Furthermore, if PBHs do not comprise the whole DM (as recent
bounds suggest [10]) they might accrete an ordinary DM halo which increases their gravitational
1Notice that the spin evolution is not accounted for in Ref. [39].
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potential, enhancing ordinary gas accretion [41]. This latter effect has been neglected in previous
studies, but it might be important since the accretion rate can be super-Eddington at redshift
z ∼ (10 ÷ 100), depending on the PBH mass [40, 41]. Second, PBHs might undergo multiple
mergers during their cosmic history, so that the spin distribution of the detected events might be
determined by the spin of second-generation mergers rather than being natal [28]. Finally, the
spin of PBHs might decrease due to plasma-driven superradiant instabilities [42–44]. This effect
depends strongly on the geometry of the plasma around the BH and is negligible for realistic
systems [45]. For this reason we shall neglect plasma-driven superradiant instabilities, whereas
in Appendix C we show that second-generation mergers constitute a negligible fraction of the
total PBH binaries in the relevant mass and redshift ranges. Thus, the main effect driving mass
and spin evolution of PBHs is gas accretion, which is reviewed and discussed in Sec. 2. Based on
the results of Refs. [40, 41] we discuss how mass accretion can occur at super-Eddington rates
at redshifts (10÷ 100), depending on the PBH mass. This implies that the mass distribution of
PBHs at low redshift might be significantly different from that at high redshift, and it implies
that constraints on the PBH abundance based on local measurements should take accretion into
account. We investigate this point in a forthcoming work [46], whereas here we focus on the
evolution of the spin.
Our main result is the computation of a redshift-dependent, sharp, mass-spin distribution
for PBHs. In particular, we show that PBHs with masses below O(30)M are likely non-spinning
at any redshift, whereas heavier BHs can be extremal up to redshift z ∼ 10. In Sec. 4 we discuss
how this affects the distribution of the final mass and spin of the BH remnant and the effective
spin parameter of the binary. Finally, in Sec. 5 we draw our conclusions and discuss future work.
2 Accretion onto PBHs
Once a PBH is formed in the early universe, one needs to keep track of the mass and angular
momentum accretion during the cosmological history to describe how the spin evolves up to the
present epoch. Indeed, depending on the angular momentum of the infalling material, not only
the mass, but also the spin changes.
In simple terms, a spherical accretion onto the PBH, where the accreting gas possesses small
or negligible angular momentum, does not change the initial spin ~J of the PBH significantly, while
the (dimensionless) Kerr parameter
χ =
| ~J |
M2
(2.1)
decreases due to the increase of the PBH mass M . In the opposite case in which the formation
of a disk leads to an efficient non-spherical accretion flow, the angular momentum of the infalling
material induces an enhancement of the PBH spin. It is therefore crucial to quantify the mass
accretion rate together with the geometry of the accretion flow. In order to do so we follow
the description of the accretion process provided in Ref. [41] (and references therein) and in
Ref. [47]. The knowledgeable reader can skip this section. Notice that the radiation emitted
during accretion and its impact on the CMB is used to constrain the PBHs abundance at higher
redshifts and higher masses than the ones we consider in this paper [48–51].
Since the accretion rate depends strongly on the velocity of the accreting system relative to
the surrounding gas, we need to distinguish two cases: (i) accretion onto an isolated PBH, where
the relative velocity is smaller than or comparable to the speed of sound in the gas; (ii) accretion
onto a PBH binary, in which the orbital velocities are typically much larger than the speed
of sound. Since the accretion rate peaks at z . 100 [40, 41], the former case is relevant for
those PBH binaries formed at smaller redshifts, whereas the latter case is relevant in the more
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likely scenario in which PBH binaries formed at z  100. In Appendix A we review these two
formation scenarios for PBH binaries [10]. In the following we shall discuss accretion onto isolated
and binary PBHs, separately.
2.1 Accretion onto isolated PBHs
In the case in which binaries form in the present-day halos after accretion is over, one has
to consider the evolution of isolated PBHs. PBHs immersed in the intergalactic medium can
experience accretion processes which can change their mass considerably. An isolated PBH with
mass M , moving with a relative velocity vrel with respect to the surrounding matter, described as
an hydrogen gas with number density ngas and sound speed cs, will accrete at the Bondi-Hoyle
rate given by [40, 41, 52]
M˙B = 4piλmHngasveffr
2
B (2.2)
in terms of the effective velocity veff =
√
v2rel + c2s, the Bondi-Hoyle radius
rB ≡ M
v2eff
' 1.3× 10−4
(
M
M
)( veff
5.7 km s−1
)−2
pc, (2.3)
and the cosmic gas density
ngas ' 200 cm−3
(
1 + z
1000
)3
. (2.4)
The sound speed of the gas in equilibrium at the temperature of the intergalactic medium is given
by
cs ' 5.7
(
1 + z
1000
)1/2 [(1 + zdec
1 + z
)β
+ 1
]−1/2β
km s−1, (2.5)
with β = 1.72, and zdec ' 130 being the redshift at which the baryonic matter decouples from the
radiation fluid. The accretion eigenvalue λ keeps into account the effects of the Hubble expansion,
the coupling of the CMB radiation to the gas through Compton scattering, and the gas viscosity.
Its analytical expression can be found in Ref. [40] and, for the reader’s convenience, is reported
in Appendix B.
As we shall see in the following, the accretion effects become noticeable for masses larger
than O(10)M. In such a mass range, there are already stringent bounds on the fraction of DM
composed by PBHs, see for example [12]. Thus one is forced to consider the accretion onto PBHs
in the presence of an additional DM component which forms a dark halo of mass Mh, truncated
at a radius rh given by (assuming a power law density profile ρ ∝ r−α, with approximately
α ' 2.25) [53, 54]
Mh(z) = 3M
(
1 + z
1000
)−1
, rh = 0.019 pc
(
M
M
)1/3(1 + z
1000
)−1
. (2.6)
The mass Mh grows with time as long as the PBHs are isolated and eventually stops when all
the available DM has been accreted, i.e. approximately when 3fPBH(1+z/1000)
−1 = 1. This DM
clothing basically acts as a catalyst enhancing the gas accretion rate. On the other hand, the
amount of mass accreted due to the infall of the surrounding DM component is negligible [40, 55].
One can define a dimensionless accretion rate normalised to the Eddington one
m˙ =
M˙B
M˙Edd
with M˙Edd = 1.44× 1017
(
M
M
)
g s−1, (2.7)
which is plotted in Fig. 1 and obtained following the procedure reported in Appendix B, including
the relevant estimate of the relative velocity vrel. Later on we will discuss in more detail the
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Figure 1. The dimensionless accretion rate as a function of the redshift for various PBHs masses in the
scenario in which PBHs are isolated and each of them is surrounded by a dark halo, see also [41]. The
shaded gray region shows the critical redshift (z = 10) below which the two accretion models discussed in
this work start differing from each other. This plot shows m˙ for Model II, whereas in Model I m˙ sharply
decreases for z < 10.
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Figure 2. Typical accretion time scale τACC ≡ τSalp/m˙ compared to the age of the universe at a given
redshift z. The relation between the redshift and the age of the universe t = t(z) has been derived within
the Λ-CDM universe.
implications of having phases of super-Eddington accretion (m˙ ∼> 1) for the formation of a thin
accretion disk.
From Eq. (2.7), the mass accretion can be written as, see for example Ref. [56],
M˙ ∼ 0.002 m˙
(
M(t)
106M
)
M yr−1 . (2.8)
The typical time scale for the accretion process is of the order of the Salpeter time, defined as
τSalp = σT/4pimp = 4.5 × 108 yr where σT is the Thompson cross section and mp is the proton
mass, and it is given by τACC ≡ τSalp/m˙. This is compared to the age of the universe at a given
redshift in Fig. 2.
We focus our attention on redshifts smaller than z . 100, since at earlier times the typical
age of the universe is orders of magnitude smaller than τACC even for the largest accretion rates,
see Fig. 2. At smaller intermediate redshifts, changes in the ionization fraction do not impact
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significantly on the accretion rate and we can neglect the local thermal feedback induced by the
X-ray emission on the gas temperature and ionization [41].
The relative velocity between the PBHs and the baryonic matter starts increasing signifi-
cantly with the beginning of structure formation. A large part of the population of PBHs starts
falling in the gravitational potential well of large-scale structures after redshift around z ' 10 and
experiences an increase of the relative velocity up to one order of magnitude, with a consequent
potentially large suppression of the accretion rate [41, 47, 57]. Given the fact that a detailed
description of the dynamics of the PBHs population is still lacking (see however Ref. [58] for a
recent attempt in this direction), and due to the uncertainties in modelling the global thermal
feedback and the change in the relative velocity due to the structure formation2, we have decided
to consider two opposite and extreme scenarios. In one case (dubbed as Model I) the accretion
drastically decreases after redshift z ∼ 10, to model the fact that structure formation as well as
reionization may strongly suppress the accretion rate. In the other case (dubbed as Model II) we
assume a different scenario, and maybe somewhat extreme, where the impact of structure forma-
tion and reionization is limited: a moderate accretion is maintained up to very low redshifts. In
this case we compute m˙ down to redshift z ∼< 3 by neglecting structure formation and following
the procedure of Ref. [41] (see Appendix B) until the evolution is monotonic, and then extrapo-
late the behaviour of m˙ down to lower redshifts, see Fig. 1. In the following, we will evaluate the
PBH spin evolution in both models, although we remark that Model I is more realistic.
2.1.1 Formation of an accretion disk around an isolated PBH
The infalling accreting gas onto a PBH can carry angular momentum which crucially determines
the geometry of the accreting flow, the possible formation of an accreting disk, and eventually
the PBH spin evolution.
One can start from the expression for the baryon velocity variance provided in Ref. [41] as
σb ' σb,0ξ−1.7(z)
(
1 + z
1000
)−1(Mh
M
)0.85
, (2.9)
where σb,0 = 3.8 × 10−7km s−1 and ξ(z) = Max[1, 〈veff〉/cs] describes the effect of a (relatively
small) PBH proper motion in reducing the Bondi radius. Then, if the typical gas velocity is
smaller than the Keplerian velocity close to the PBH, the accretion geometry is quasi-spherical.
In other words, a disk can form only in the opposite regime, i.e. if
σb ∼> 2Dξ2(z)c2s. (2.10)
The constant D ∼ O(1) ÷ O(10) takes into account relativistic corrections. Using the above
condition and Eq. (2.6), we can estimate the minimum PBH mass for which the accreting gas
acquires a disk geometry,
M ∼> 6× 102MD1.17ξ4.33(z)
(1 + z/1000)3.35[
1 + 0.031 (1 + z/1000)−1.72
]0.68 . (2.11)
The angular momentum of the accreting DM is typically much smaller than the one of the gas
and thus does not lead to the formation of a DM disk, while it has an impact on the density
profile of the dark halo which envelops the PBH.
2We thank M. Ricotti for several discussions about this point.
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The condition in Eq. (2.11) is still not sufficient to describe the formation of a thin disk.
Indeed, such a formation happens in the case accretion is sufficiently efficient. Following Ref. [41],
we assume that a thin disk forms when Eq. (2.11) is satisfied and
m˙ ∼> 1. (2.12)
The formation of a disk, while enhancing the mass accretion, leads also to an efficient spin-up of
the PBH, as we will discuss in the following.
One can numerically check that the condition (2.12) is always more stringent than con-
dition (2.11). This implies that m˙ ∼> 1 can be considered as the sufficient condition for the
formation of a thin disk around an isolated PBH.
2.2 Accretion onto binary PBHs
In the case in which binaries form in the early universe before accretion starts, one has to consider
the evolution of PBHs within a binary. In such a case, one has to take into account both global
accretion processes (i.e., of the binary as a whole) and local accretion processes (i.e., onto the
individual components of the binary).
The center of mass of the binary moves with typical velocity vrel as defined in the previous
section. Therefore, the Bondi-Hoyle radius of the binary is the same as that defined in Eq. (2.3)
simply replacing M with Mtot, where Mtot is the total mass of the binary.
When the orbital separation rorb is larger than the Bondi-Hoyle radius of the binary, accretion
onto the binary is negligible. However, when the binary is contained in its own Bondi-Hoyle
radius, it will accrete at a rate given by Eq. (2.2) (with the replacement M → Mtot in the
definition of rB), namely
M˙binB = 4piλmHngasveff(r
bin
B )
2 , rbinB ≡
Mtot
v2eff
. (2.13)
Within the Bondi-Hoyle radius the matter falling in the gravitational potential of the object per
unit time is constant [47], i.e. locally each PBH accretes at the rate given in Eq. (2.13).
Therefore, in this case the normalized accretion rate is the same as that defined in Eq. (2.7),
modulo a factor (Mtot/M)
2 which accounts for the fact that the accretion flow is driven by the
binary. For equal mass binaries, this correction would increase the accretion rate by a factor
4. For unequal mass binaries, it would increase much more the accretion rate onto the smaller
binary component relative to the larger one. In order to perform a common analysis of the cases
of accretion onto isolated and binary PBHs, in the following we shall neglect this correction factor
and assume that each PBH (either isolated or in a binary) accretes at the rate given in Eq. (2.7).
This is a conservative assumption, since in the binary case the accretion rate can be larger and
in any case within the uncertainties of the physics of the accretion.
2.2.1 Formation of an accretion disk around a PBH in a binary
Locally, each PBH in a binary has a typical velocity given by orbital one, vorb =
√
Mtot/rorb.
For orbital separations smaller than the Bondi-Hoyle radius of the binary, the orbital velocity is
always much larger than vrel and cs. This has an important impact in the angular momentum
transferred during the accretion.
Indeed, let us consider an element of gas at the Bondy-Hoyle radius of one of the individual
PBHs of the binary. This is given by Eq. (2.3) with the substitution veff → vorb, i.e.
rlocalB ≡
M
v2orb
, (2.14)
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since now the relative velocity is ∼ vorb  cs. For the same reason, in the reference frame of
the accreting BH, the typical velocity of the gas element is of the order of the Keplerian velocity
at rlocalB , i.e. vB =
√
Mtot/rlocalB . Thus, the angular momentum per unit mass of the gas element
is vBr
local
B =
√
MtotrlocalB , and is conserved along the accretion flow. As previously discussed, a
necessary condition for the formation of the accretion disk is that the specific angular momentum
of the gas element be larger than the specific angular momentum at the innermost stable circular
orbit (ISCO) of the PBH [52]. The latter is vISCOrISCO =
√
MtotrISCO. Since r
local
B  rISCO the
necessary condition for the formation of a disk is always satisfied in this case.
Thus, compared to the case of an isolated PBH discussed above, in this case condition (2.11)
is absent, and the only condition for the formation of a thin accretion disk is Eq. (2.12).
To summarize, for both isolated and binary PBHs we can assume that a thin accretion disk
forms whenever m˙ & 1 along the cosmic history.
3 The spin evolution
In order to estimate the PBH spin at the present epoch, we need to consider the spin inherited by
the formation dynamics and how it evolves throughout the cosmological history. In this section
we first briefly review the initial conditions in a standard formation scenario during the radiation-
dominated era in which the PBH is formed through the collapse of the perturbations generated
during an inflationary epoch upon horizon re-entry [13–15]. We will also review the spin evolution
in the presence of a thin accretion disk. Indeed, once a thin disk of accreting gas is formed around
the PBH, the accreted baryonic material significantly affects the spin of the object over a time
scale τACC.
3.1 Initial conditions
In this subsection we review the physics underlying the formation of the spin of the PBHs from
collapse of density perturbations in the radiation-dominated epoch3 [13–15], following the results
of Refs. [34, 35]. The PBHs mass fraction is bounded by the requirement that the cosmological
abundance is less than the DM abundance. This requires the collapse of density perturbations
generating a PBH to be a rare event. Using the peak theory formalism [59] one finds that high
(and rare) peaks in the density contrast, which eventually collapse to form PBHs, tend to possess a
spherical shape. However, at first order in perturbation theory, the presence of small asphericities
allows for the action of torques induced by the surrounding matter perturbations, which leads to
the generation of a small angular momentum before collapse. The action of the torque moments
is indeed limited in time due to the small time scales characterising the overdensity collapse.
The estimated PBH spin at formation is [35]
χform =
Ωm
pi
σδ
√
1− γ2 ∼ 10−2
√
1− γ2, (3.1)
where Ωm represents the DM abundance, σδ indicates the variance of the density perturbations
at the horizon crossing time, and γ parametrises the shape of the power spectrum of the density
perturbations in terms of its variances (being γ = 1 for a monochromatic power spectrum). The
initial spin of the PBHs is therefore expected to be below the percent level. PBH formation in
non-standard scenarios, like during an early matter-dominated epoch [37] following inflation or
from Q-balls [36], may lead to larger values of the initial spin.
3During the radiation-dominated phase, the relation between the PBH mass and the radiation temperature is
M 'M(TQCD/TGeV)2 where TQCD ' 102 MeV and TGeV is the temperature measured in GeV.
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3.2 The spin dynamics
When the conditions for formation of a thin accretion disk are satisfied – namely, the inequalities
(2.11) and (2.12)– mass accretion is accompanied by an increase of the PBH spin. The accreting
disk is responsible for the angular momentum acquired by the initially slowly rotating PBH
and thus the PBH spin can be safely assumed to be rapidly aligned perpendicularly to the disk
plane. In such a configuration, one can use a geodesic model to describe the disk [60]. The
gas of rest mass dM0 falling in the PBH from the last stable orbit gives rise to an increase in
total gravitational mass dM = E(M,J)dM0, together with an increase in the magnitude of the
angular momentum dJ = L(M,J)dM0, where the energy and angular momentum for unit mass
are given by [60]
E(M,J) =
√
1− 2 M
3rISCO
and L(M,J) =
2M
3
√
3
(
1 + 2
√
3
rISCO
M
− 2
)
, (3.2)
where the ISCO radius rISCO(M,J) is written in terms of the mass M and dimensionless Kerr
parameter χ as
rISCO(M,J) = M
[
3 + Z2 −
√
(3− Z1) (3 + Z1 + 2Z2)
]
, (3.3)
with
Z1 = 1 +
(
1− χ2)1/3 [(1 + χ)1/3 + (1− χ)1/3] and Z2 = √3χ2 + Z21 . (3.4)
Finally, for circular disk motion the rate of change of | ~J | is related to the mass accretion rate by
the relation (see also Refs. [61–63])
J˙ =
L(M,J)
E(M,J)
M˙, (3.5)
which can be re-arranged to describe the time evolution of the Kerr parameter
χ˙ = (F(χ)− 2χ) M˙
M
, (3.6)
where we have defined the combination
F(χ) ≡ L(M,J)
ME(M,J)
, (3.7)
which is only a function of the dimensionless Kerr parameter. As one can see from Fig. 3, the
evolution of χ is quite rapid in terms of the typical accretion time scales and reaches the maximum
value (allowed if one considers radiation effects [61]) of χ ' 0.998 in less than an e-folding time
τACC
4.
Thus, whenever a thin accretion disk is formed, the dimensionless Kerr parameter grows
efficiently from a small initial value until it reaches (almost) extremality. As we shall discuss,
this gives rise to a rapid transition between the two regimes (of small and large values of χ,
respectively), depending on whether the conditions for thin-disk accretion are satisfied during
the cosmological evolution of the PBH.
4Magnetohydrodynamic simulations of accretion disks around Kerr BHs suggest that the maximum spin might
be slightly smaller, χ ' 0.9 [64]. However, this limit may not apply to geometrically thin disks and – in any case –
the spin evolution time scale does not change significantly in more realistic models [64].
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Figure 3. Evolution of the dimensionless Kerr parameter χ as a function of time (normalised by a typical
accretion time scale, τACC) within a thin-disk accretion model. The plot is cut at χ = 0.998, the maximum
allowed value when radiation effects are taken into consideration [61]. The value of the spin attained at
the present epoch critically depends on the time scale of the process, τACC ≡ τSalp/m˙.
3.3 Imprints of second-generation mergers
Before turning our attention to the quantitative results which will be outlined in the following
section, we point out the irrelevance of second-generation mergers for the PBH spin evolution.
Secondary mergers are those in which at least one of the two components of the binary results
from the merger of a previous binary system [28]. In this case the spin of the secondary binary is
determined by the masses and spins of the older binary (one can think about the simple case in
which the merger of two PBHs with zero spin produces a PBH with χ ≈ 0.68, which eventually
forms another binary that merges in the LIGO-Virgo band). In such a case, the spin of the PBHs
participating to the observed merger is mostly determined by the previous merger, rather than
by the dynamics studied in this paper. However, as explicitly investigated in Appendix C, the
probability of occurrence of such a secondary merger process is almost negligible for the range
of masses and redshifts of interest (the probability of third- or higher-generation mergers is even
smaller), and therefore we can safely ignore the impact of secondary mergers on the spin of PBHs.
4 Results
With the theoretical framework described in the previous sections in hands, we can now discuss
the evolution of the masses and spins of PBHs and their impact for GW astronomy. We will first
address the spin evolution from its initial value up to the present epoch and we will subsequently
compute the probability distributions of the effective spin parameter of the binary, as well as the
distribution of the mass and spin of the merger remnant.
At this point we stress that when presenting the results, the mass of the PBHs will always
refer to the mass at detection – which is the only measurable quantity – not to the initial mass
at formation.
4.1 The spin of PBHs as a function of mass and redshift
In Figs. 4 and 5 we present the evolution of the mass accretion rate (left panels) and spin (right
panels) in the (M, z) plane, starting from the initial conditions set at high redshifts (we assume
initial conditions at z ∼ 100) for Model I and Model II, respectively. On the contour plots we also
superimpose the curves representing the maximum distance current and future GW experiments
like aLIGO and Einstein Telescope (ET) [65] may reach at a given redshift. We take such
maximum distance to be the corresponding visible horizon.
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In the mass range of interest no significant evolution of the mass (and, correspondingly, of
the spin) takes place before redshift z ∼ 30. This is due to the long time scales characterising the
accretion compared to the age of the universe up to that epoch. After z ∼ 30, PBHs masses start
evolving rapidly for M ∼> O(30)M. In the left panels of Figs. 4 and 5 we show the trajectories
(black dashed lines) that a PBH with a certain initial mass would follow during the cosmic history.
Correspondingly, we observe that the spins of PBHs with masses M ∼> O(30)M, even if they
start from an initial value at the percent level, make a rapid transition to extremality if, during
its evolution, the system enters a region where m˙ ∼> 1. It is worth noting that the transition
region is sensitive to the magnitude of m˙ and to the actual value of the redshift at which structure
formation and reionization take place. In particular, increasing m˙ or delaying the reionization
epoch would push the transition region to lower masses.
In the following, we describe in details the evolution of mass and spin after redshift z ∼
10 separately for Model I and Model II. The implications regarding such a prediction for GW
detections with aLIGO and ET are discussed in Sec. 4.2.
4.1.1 Model I
This model assumes a sharp decrease of the mass accretion rate after z ∼ 10. As one can
appreciate from Fig. 4 (left panel), each individual PBH starts following vertical trajectories in
the (M, z) plane after that redshift. This shows that the mass evolution is negligible in that
region. Correspondingly, the spin stops evolving after that epoch, see right panel of Fig. 4. We
note a correlation between low (high) values of the masses and low (high) spins, with a sharp
transition around M ∼ O(30)M. More specifically, PBHs with masses below O(30)M are non-
spinning, whereas heavier PBHs can be nearly extremal up to redshift z ∼ 10 for M ∼ 200M,
and even to higher redshifts for heavier PBHs, although that region will be outside the horizon
of ET. One can notice that in this region high values of the spin are not reached for values of
redshift higher than z ∼> 102 due to the large accretion time scales with respect to the age of the
universe at that epoch.
Figure 4. Left: The accretion rate parameter m˙ as a function of the mass of PBHs and redshift for
our Model I. In black we show the trajectories of individual PBHs in the (M, z) plane. Model I assumes
a sharp transition to a regime of negligible accretion after redshift z = 10 due to the effect of structure
formation. Right: Evolution of the spin χ in the (M, z) plane. In both panels we have superimposed the
corresponding horizons for aLIGO and ET.
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4.1.2 Model II
This model assumes a sustained accretion after redshift z ∼ 10. At variance with Model I, the
evolution of the mass and spin proceeds after that redshift, with a significant increase also of the
smaller masses.
The transition region between small and high values of the spin after redshift z ∼ 10 is
pushed to higher masses respect to model I as now PBHs with those masses have never experienced
a period of thin disk accretion. Also, for masses smaller than ∼ 10M, the spherical accretion,
while leaving | ~J | unaffected, decreases the Kerr parameter χ, thus erasing any memory of the
initial spin. We finally note that – in the region in which m˙ is bigger than unity – an extremal
value of the spin is always rapidly attained. One can also appreciate that in this model PBHs
within the aLIGO horizon are expected to be slowly spinning with small values of χ.
Figure 5. Same as in Fig. 4 but for Model II, i.e. assuming a sustained accretion also when z < 10.
4.2 Implications for GW events
Ultimately, we are interested in giving the prediction for the key observables which can be mea-
sured in GW coalescence events with current (LIGO/Virgo) and future (e.g., ET) detectors5.
In a merger event of two PBHs with masses M1 and M2 < M1 with a binary mass ratio
defined as q = M2/M1, and dimensionless spin vectors χ1 and χ2, one can estimate the final spin
of the PBH resulting from the merger as [66–69]
χf =
1
(1 + q)2
[
|χ1|2 + |χ2|2q4 + 2|χ2||χ1|q2 cosα + 2
(|χ1| cosβ + |χ2|q2 cos γ) |`|q + |`|2q2]1/2,
(4.1)
with
|`| = 2
√
3 + t2ν + t3ν
2 +
s4
(1 + q2)2
(|χ1|2 + |χ2|2q4 + 2|χ1||χ2|q2 cosα)
+
(
s5ν + t0 + 2
1 + q2
)(|χ1| cosβ + |χ2|q2 cos γ) , (4.2)
5We are neglecting the possible effect of accretion during the coalescence as we expect the increase in velocity
to happen only during the last stages of inspiral and thus at much smaller characteristic time scales.
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in terms of the numerical parameters s4 = −0.1229±0.0075, s5 = 0.4537±0.1463, t0 = −2.8904±
0.0359, t3 = 2.5763 ± 0.4833 and t2 = −3.5171 ± 0.1208. Here ν = q/(1 + q)2 is the symmetric
mass ratio and
cosα = χˆ2 · χˆ1, cosβ = χˆ1 · Lˆ, cos γ = χˆ2 · Lˆ (4.3)
are the angles (at large separation) between the two spins and between each individual spin and
the direction of the orbital angular momentum Lˆ, respectively. The mass of the final PBH is [70]
Mf = (M1 +M2)× [1 + 4ν(m0 − 1) + 16m1ν2(|χ1| cosβ + |χ2| cos γ)], (4.4)
where m0 = 0.9515± 0.001 and m1 = −0.013± 0.007 are numerical coefficients.
The effect of the spin of the binary components mostly affects the gravitational waveform to
leading post-Newtonian order through the effective spin parameter, defined as the mass weighted
projection of the effective spin of the binary to the orbital angular momentum (see Eq. (1.1)),
χeff =
M1|χ1| cosβ +M2|χ2| cos γ
M1 +M2
=
|χ1| cosβ + q |χ2| cos γ
1 + q
, (4.5)
where, being |χi| < 1, the possible range of values is |χeff| < 1.6
The effective spins measured so far with GWs are affected by large uncertainties and are
compatible to zero for almost all sources [3]. Only few high-mass events have been detected so
far for which |χeff| > 0 [4, 20, 21], although for two low-significance events – namely GW151216
and GW170403 – the measured value of χeff is significantly affected by the prior on the spin
angles [22]. Furthermore, future detections will provide measurements of the individual spins
with 30% accuracy [2], also alleviating the degeneracy between the individual spins and other
binary parameters such as the mass ratio.
To obtain the probability distribution functions (PDFs) of the spin (4.1) and mass (4.4)
of the merger remnant, along with the effective spin of the binary (4.5), one has to perform a
statistical ensemble over the masses of the binary components and the relevant angles of the spin
vectors. We have assumed a uniform distribution for the spin vectors orientations on a unit two-
sphere [4, 28] and several shapes of the mass functions ψ(M) (see Appendix C) at the redshift of
observation z. Such shapes are assumed to result from the evolution of an initial mass function
due to mass accretion, see Appendix D for details about this time evolution.
Results are shown in Fig. 6, where for simplicity we have assumed that both components of
the binary have the same spin before merger, χ1 = χ2 = χi. We stress that the colour code used to
plot the probability distributions corresponding to a particular spin χi, as shown in the legend, has
been chosen to match the one used in Figs. 4 and 5 (right panels). In other words, one can identify
the expected PDFs for the relevant parameters in each point of the parameter space (M, z) of the
contour plots by looking at the corresponding colour in Fig. 6. In particular, the distributions
shown in Fig. 6 only depend on the value of the binary component spins at coalescence. They
are therefore similar to those computed in other astrophysical scenarios [28, 29, 63]. However,
there are crucial differences in our case. One is the effect that the value of the individual spins is
correlated with the mass of the binary components and with the redshift at coalescence. Another
one is the presence of a given PBH mass function.
6The occurrence of merging events with highly-spinning components may also increase the stochastic GW
background signal resulting from the coalescences, with a consequent change in the deduced bounds from its non-
observation [71], see Ref. [72] for details about the radiated energy from a merging event in terms of the BHs
spin.
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Figure 6. Top: PDF of the effective spin parameter of the binary assuming the coalescence of two PBHs
with the same mass and same binary-component spin, χ1 = χ2 = χi, at merging time. Center: PDF of
the spin of the final BH remnant assuming the coalescence of two PBHs with an isotropic distribution of
the spins directions on a sphere. Bottom: PDF for the final mass as a function of the spins of the PBHs,
χ1 = χ2 = χi. From Left to Right: monochromatic mass function (q = 1), critical mass function ψcrit, and
lognormal with width σ = 1. Notice that we have used the same colour code of the right panels of Figs. 4
and 5.
The first column shows the PDFs for a monochromatic shape of the mass function, for which
the mass ratio of the binary is q = 1, while the second and third columns show the result for
more realistic and broader shapes of the mass distribution, namely a critical mass and lognormal
with width σ = 1, respectively, for which the mass ratio distribution is peaked at smaller values
(see Appendices C and D for details about the mass functions).
Since the individual spins are isotropically oriented, the PDF for the effective spin parameter
of the binary (first row) is peaked around the central value χeff ' 0 for small initial spins,
maintaining the peak also for broader mass functions. However, for higher initial spins the
distribution of χeff is much broader for all choices of the mass function.
The PDF of the final spin (second row) is peaked at the value 0.68 for low initial spins of the
binary (since in this case the distribution is almost independent on the values of the spins angles),
and the distribution becomes broader for bigger values of the PBH spins before the merger. For
broader mass functions the PDF tends to become broader (see panels of Fig. 6 from left to right).
Finally, the probability distribution for the final mass peaks at the valueMf ' 0.96(M1+M2)
for low initial spins; the peak values decrease for broader mass functions, and has a flatter shape
for higher spins. One can also notice how the distribution tends to be asymmetric with respect
to the centre for broader mass functions.
In Figs. 7, 8, and 9 we provide the confidence intervals for given mass M1 at 68% (1σ), 95%
(2σ) and 99% (3σ) CL for the final mass, spin, and for the effective spin parameter of the merging
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Figure 7. Confidence intervals (from top to bottom) for the parameters χeff, χf and Mf for given source-
frame masses M1 = M2, and for Model I (Model II) in the left (right) panels. On the scale of the left
panels the different confidence levels for Model II appear as straight vertical lines. We notice that in the
left panels there is no evolution for z ∼< 1 and therefore we have plotted the current observed data: blue data
points refer to the events listed in Ref. [4], whereas green and red data points refer to the events discovered
in Refs. [20, 21]; the red data points refer to GW151216 and GW170403, for which the measured value
of χeff is significantly affected by the prior on the spin angles [22]. In the right panels there are not yet
observed data at redshift z = 4.
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Figure 8. Same as in Fig. 7 but for M1 = 2M2 (i.e., mass ratio q = 1/2).
binary. We construct these distributions by fixing the mass ratio7 (q = 1 in Fig. 7, q = 1/2 in
Fig. 8, and q = 1/8 in Fig. 9, respectively) and, for each value of redshift z and of the mass M1
of the primary component of the binary, we draw the individual spin directions from an isotropic
distribution whereas the spin magnitudes are obtained as χi = χi(Mi, z) from the right panels of
Figs. 4 and 5 for Model I and Model II, respectively. The probabilities are evaluated at a fixed
7The distribution of the mass ratio for different mass functions is discussed in Appendix D, see Fig. 12.
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Figure 9. Same as in Fig. 7 but for M1 = 8M2 (i.e., mass ratio q = 1/8). We have not plotted the
observed data for z ∼< 1 because current events have a larger mass ratios.
redshift z ∼< 1 for both Model I and Model II for the left panels and at z = 4 for Model II for
the right panels. We have also reported the data (with error bars) corresponding to the GW
events detected so far in the first two observation runs of LIGO and Virgo (only for the plots
with q = 1 and q = 1/2 which are consistent with the observed mass ratios). In particular, the
blue data points refer to events with high statistical significance [4], whereas green and red data
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points refer to the events discovered in Refs. [20, 21], which have a lower statistical significance.
The red data points refer to GW151216 and GW170403, for which the measured value of χeff is
significantly affected by the priors, in particular whether one assumes a uniform prior on χeff or
an isotropic distribution for the directions of the individual spins with uniform magnitude of the
latter [22]. The red and green data points in Fig. 7 refer to the former assumption.
For Model I the results in Fig. 7 show the general tendency of having peaked distributions
for masses smaller than O(30)M and broader ones for bigger masses once the transition from
low to high spins has been reached, see Figs. 4 and 5 for details on the transition. Even though
we have chosen z ∼< 1 (left panels), such a tendency is maintained for all redshifts smaller than
z ∼ 10. Interestingly, especially for q ≈ 1 (for q ≈ 1/2 only low mass data and the corresponding
values of the final spin are excluded as one can see from Fig. 8), the predicted distributions in
case of accreting PBHs are consistent with the observed distribution of the GW events detected
so far [73], especially when including those obtained in Refs. [20, 21], which tend to have large
effective spin for some high-mass binaries. It is harder to predict such distribution in the case of
binaries of astrophysical origin, although binaries formed in stellar clusters by dynamical capture
might have larger χeff for larger total masses [23, 74]. For example, the predicted distribution in
this case is in tension with a measurement M1 +M2 ≈ 60M and χeff ≈ 0.8 such as that reported
in Ref. [21].
For Model II one observes a similar behaviour for all the probabilities of the three parameters,
but at higher redshift (we stress that the left and right panels of Figs. (7-9) refer to z ∼< 1 and
z = 4, respectively). As previously discussed, for Model II the effect of accretion on the spin
in the present epoch for the range of masses of interest is small, which explains why in the left
panels of Figs. (7-9) (z ∼< 1) the distributions for Model II appear as thin curves on the scale of
the plots. In the right panels we have instead chosen the representative redshift z = 4, which
corresponds to a transition mass O(15)M, in order to highlight the tendency in the probability.
In Fig. 8 the same tendency shows up with an additional transition point at higher values of M1
due to the crossing point from low to high spins of the second mass M2 = M1/2.
For low mass ratios, q ≈ 1/8 in Fig. 9, there is a general tendency for which the mass and
the spin of the lighter component of the binary play a minor role in the determination of the spin
parameters. In particular, χeff is mainly affected by χ1 and attains values close to zero and ±1 for
the lightest and largest mass, respectively (the sign depending upon the spin orientation). This
tendency manifests itself by having a much broader confidence interval in the high mass portion
of Fig. 9. The final spin of the remnant BH is mainly inherited by the primary constituent of
mass M1 of the binary, and for small initial spins we find χf ∼ 3.4q− 10q2 +O(q3) in the limit of
small q from Eq. (4.1). This explains the shift of χf towards zero for smaller mass ratios. On the
other hand, the distribution shifts towards higher values of χf in the case of a highly spinning
primary, χf ∈ [1 − 6.2q + O(q2), 1] for small q. Finally, the rescaled final mass tends towards
unity as Mf/(M1 +M2) ∼ 1− 0.2q +O(q2).
Overall, the effect of having higher binary-component spins is to make the distributions of
χeff, Mf , and χf broader (see Fig. 6). Thus, our main results are robust against the value of the
maximum spin reached through accretion, in particular they would be qualitatively the same also
if the maximum value is χ ∼ 0.9, as suggested by magnetohydrodynamic simulations of relatively
thick disks [64]. In this case we expect the distributions to be slightly less broad.
5 Conclusions
In this paper we have discussed the cosmological evolution of the mass and spin of PBHs. Our
results can be relevant in two contexts:
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• For the merger events detected so far by LIGO-Virgo, the effective spin parameter of the
binary is compatible to zero, except possibly for few high-mass events [3, 4, 20–22]. We have
shown that a primordial origin of these BH binaries could naturally explain this distribution,
especially in the likely scenario in which accretion is quenched at z . 10 due to structure
formation [41]. Indeed, due to the redshift dependence of the accretion rate, PBHs with
masses below O(30)M are likely non-spinning at any redshift, whereas heavier BHs can be
nearly extremal up to redshift z ∼ 10, resulting in a broader distribution of the effective spin
parameter, which is compatible with the observed distribution of the GW events detected
so far. On the contrary, it is more challenging to explain such distribution and (M -χeff)
correlation in the case of binaries of astrophysical origin [23].
• Current bounds on PBH abundance assume that the mass distribution at the present epoch
is the same as that at formation in the early universe. We have shown that accretion might
significantly modify the mass and spin distributions in a redshift-dependent fashion. The
implications of this effect for current constraints on PBHs will be discussed in a forthcoming
work [46].
Upcoming results from LIGO-Virgo third observation run might reinforce or weaken these pre-
dictions, in particular whether light binaries (mass of the binary components M . 30M) can
have large effective spin parameter or not.
Future detections will provide measurements not only of the effective spin of the binary, but
also of the individual spins, with 30% accuracy [2]. This will allow to constrain the primordial
formation scenario more accurately and possibly distinguish between different formation mech-
anisms and different accretion models. Indeed, the physics of accretion in the early universe is
very rich [40, 41]. A natural extension of our work would be to refine the accretion model, for
example considering also (relatively) thick accretion disks and other models of the accretion flow.
Overall, our results suggest that it would be crucial to correlate the mass and spin distributions
with the redshift of the source, since the transition between non-spinning and highly-spinning
BHs occurs at redshift z ∼ 10. This will be possible with future GW detectors, such as ET, that
will detect binary BHs up z . 100 [65].
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A Binary merger rates
In this Appendix we review the formation of PBH binaries and their related merging rate, see
Ref. [10] for a review. There are two main formation mechanisms for PBH binaries, one taking
place in the early universe, especially before matter-radiation equality, and the other taking place
in the late time universe in the present-day halos. For simplicity, we provide the estimates for
equal masses binaries.
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A.1 Early-time PBH binaries
A pair of neighboring PBHs of masses M separated by a physical distance x can decouple from the
Hubble flow provided that their gravitational interaction is strong enough, i.e. Mx−3(z) > ρ(z),
where ρ represents the background cosmic energy density. Expressing the quantities with respect
to the ones at the matter-radiation equality zeq, one finds that the decoupling occurs at zdec if
1 + zdec
1 + zeq
= fPBH
( x¯
x
)3
− 1 > 0, (A.1)
where we denoted with fPBH the fraction of PBHs in DM at that time, and the PBH physical
mean separation x¯ reads
x¯(ze) =
(
M
ρPBH(zeq)
)1/3
=
1
(1 + zeq)f
1/3
PBH
(
8piG
3H20
M
ΩDM
)1/3
. (A.2)
Eq. (A.1) shows that the characteristic formation redshift is of the order zdec > 10
4 for the masses
and fPBH considered [47].
The initial infall motion of the PBHs can be affected by the surrounding, and especially the
closest, PBHs, which can exert tidal forces and give angular momentum to the system, forming
therefore a binary. The semi-major axis a and the eccentricity e of the binary are given by
a =
α
fPBH
x4
x¯3
, e =
√
1− β2
(
x
y
)6
, (A.3)
where y is the physical distance to the third PBH at zeq. In the following we will assume α = β = 1
[75, 76] (for a more precise quantitative estimate of these coefficients see Ref. [77]). Imposing the
geometrical condition x < y < x¯ one gets an upper bound on the eccentricity as
emax =
√
1− f3/2PBH
(a
x¯
)3/2
. (A.4)
Assuming a uniform probability distribution for both x and y in three dimensional space and
converting it in terms of a and e, one obtains
dP =
3
4
f
3/2
PBHx¯
−3/2a1/2e(1− e2)−3/2dade. (A.5)
Once the PBHs form a binary, their distance gradually shrinks due to the energy loss through
GWs radiation and eventually merge with a coalescence time given by [78, 79]
t = Qa4(1− e2)7/2, Q = 3
170
(GM)−3. (A.6)
We can convert the probability distribution above in terms of the coalescence time and eccentric-
ity, and then integrate over e for fixed time t. The probability that the coalescence occurs in the
time interval (t, t+ dt) can be then connected to the merger rate R(t) through the PBH number
density nPBH as (see also [71, 80, 81])
R(t) =

3
58nPBH
[
− ( tT )3/8 + ( tT )3/37]1t for t < tc
3
58nPBH
(
t
T
) 3
8
[
− 1 +
(
t
tc
)− 29
56
f
− 29
8
PBH
]
1
t for t ≥ tc,
(A.7)
where tc = Qx¯
4f
25
3
PBH and T ≡ x¯4Q/f4PBH. The corresponding merging rate is shown in Fig. 10.
– 20 –
A.2 Late-time PBH binaries
A second mechanism of formation of PBH binaries can take place in the present-day halos [5, 82].
If a PBH moving at a given velocity v passes close to another PBH, the energy loss due to the
sudden GW emission can make the former loose its kinetic energy becoming bound to the latter.
The energy loss during the encounter can be estimated to be
∆E =
85pi
√
GMG3M4
12r
7/2
p
, (A.8)
where rp is the periastron. Using the Newtonian approximation, for which the impact parameter
is b(rp) =
√
r2p + 2GMrp/v
2, one finds the cross section for a binary formation
σbin '
(
85pi
3
)2/7 pi (2GM)2
v18/7
. (A.9)
Once formed, such a binary can merge in less than the age of the universe. The merger rate for
a halo of mass Mh can be computed as
Rh(Mh) =
∫ Rvir
0
dr2pir2
(
ρPBH(r)
M
)2
〈σbinv〉 (A.10)
where Rvir identifies the virial radius, ρPBH(r) is the PBH local density profile (typically taken to
be the Navarro-Frenk-White profile) and the brackets stand for the mean value of the combination
σbinv computed using the Maxwell-Boltzmann velocity distribution. Finally, the total merger rate
is found to be
R(t) =
∫
Mmin
dMh
dn
dMh
Rh(Mh) (A.11)
where Mmin is the minimum halo mass [10]. The result is sensitive to the mass function dn/dMh
which can be estimated using Press-Schechter formalism [83] or based on numerical simulations as
in Refs. [84, 85]. As shown in Fig. 10, the final merger rate is orders of magnitude lower than its
early universe counterpart, but one should take into account various uncertainties. Furthermore,
for future experiments like ET which will have a much larger statistics, late-time universe binary
mergers will be relevant.
B Mass accretion rate
In the case of a dark halo clothing, we need to take into account the dark halo mass given in
Eq. (2.6) and, if the typical size of the halo is smaller than the Bondi radius, then the accretion
rate is the same as the one for a PBH of point mass Mh. We can define the parameter
κ ≡ rB
rh
= 0.22
(
1 + z
1000
)(
Mh
M
)2/3 ( veff
km s−1
)−2
. (B.1)
Different behaviors occurs when κ ≥ 2 or κ < 2. In the former case the dark halo behaves the
same as a point mass Mh in terms of accretion rate, sonic radius and viscosity, with accretion
rate given by [41]
m˙ ≡ M˙B
M˙Edd
= 0.023λ
(
1 + z
1000
)(
M
M
)( veff
5.74 km s−1
)−3
, (B.2)
where
λ = exp
(
9/2
3 + βˆ0.75
)
x2cr, (B.3)
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Figure 10. Estimate for the early- and late-time universe merger rate as a function of fPBH for an equal
mass merger with individual masses M = 30M. The grey band indicates the merger rate at 90% CL
observed by LIGO-Virgo collaboration [4].
in terms of the sonic radius
xcr ≡ rcr
rB
=
−1 + (1 + βˆ)1/2
βˆ
(B.4)
and the gas viscosity parameter βˆ given by
βˆ =
(
M
104M
)(
1 + z
1000
)3/2 ( veff
5.74 km s−1
)−3 [
0.257 + 1.45
( xe
0.01
)(1 + z
1000
)5/2]
, (B.5)
as a function of the redshift, the PBH mass, effective velocity, and ionization fraction of the
cosmic gas xe.
If κ < 2 one has instead to correct the quantities with respect to the naked case as
βˆh ≡ κ p1−p βˆ, λh ≡ Υ¯ p1−pλ(βˆh), rhcr ≡
(κ
2
) p
1−p
rcr, (B.6)
where p = 2− α and
Υ¯ =
(
1 + 10βˆh
) 1
10
exp(2− κ)
(κ
2
)2
. (B.7)
The proper motion of PBHs strongly affects the dynamics of the accretion process and depends
on the amplitude of the inhomogeneities of the DM and baryon fluids. Following Ref. [41], one
can estimate the relative velocity of PBHs with respect to the accreting baryonic matter assuming
PBHs to behave like DM particles and identifying two main regimes of interest, the linear and
non-linear regime.
In the linear regime before the decoupling redshift zdec, the Silk damping acts suppressing
the growth of inhomogeneities on small scales, such that the PBH peculiar velocity is of order
of the gas sound speed; for z < zdec, the gas flow lags behind the DM with a relative velocity
vrel = vDM − vb, such that the PBH peculiar velocity follows a Maxwellian distribution with
variance σ = 〈vrel〉 and has expectation value given by [41]
〈veff〉A ∼ cs
(
16√
2pi
M3
) 1
6
θ(M− 1) + cs
(
1 +M2) 12 θ(1−M),
〈veff〉B ∼ csM
[√
2
pi
ln
(
2
e
M
)]− 13
θ(M− 1) + cs
(
1 +M2) 12 θ(1−M), (B.8)
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in terms of the Mach numberM = 〈vrel〉/cs. Here the scenario A refers to a low efficient accretion
rate, m˙ < 1, characterised by a spherical geometry, while scenario B refers to an efficient accretion
rate, m˙ > 1, which supports the presence of an accretion disk, see Sec. 2.
In the non-linear regime, the non-linear perturbations (halos) can prevent PBHs to accrete
gas from the intergalactic medium, since they make PBHs fall in their potential wells with an
enhanced velocity, which leads to a huge suppression of the gas accretion rate for an increasingly
large fraction of the PBH population. To account for this possibility, in the main text we assumed
two opposite and extreme models, dubbed as Model I (in which accretion at z < 10 is suppressed)
and Model II (in which accretion is sustained also when z < 10).
C Effects of second-generation mergers and PBH mass functions
The analysis presented in the main text ignores the possibility of second-generation mergers.
Namely, a PBH binary might merge into a new BH which, at a later time, might undergo a
further coalescence with another PBH, forming a new PBH binary which is eventually detected.
We report here the formalism to compute the secondary mergers rates following the approach in
Ref. [86, 87]8.
In the following we will assume that the fraction of PBHs as DM, fPBH, is bigger than a
critical value fc, above which the effects of the linear density perturbations are negligible on the
merger rate of PBH binaries. The critical value reads
fc = 1.63× 10−4
(
Mc
M
) 5
21
(
t
t0
) 1
7
, (C.1)
and is at most of order fc ∼ 10−3 for the relevant range of masses at the present time t = t0.
Here Mc is the reference mass associated to the scale re-entering the horizon.
We define the mass function identifying the fraction of PBHs with mass in the range (M,M+
dM) as
ψ(M) =
1
ρPBH
dρPBH(M)
M
, (C.2)
normalised such that ∫
dM ψ(M) = 1. (C.3)
The fraction of the present average number density of PBHs with mass M with respect to the
total average is given by the expression
F (M) =
ψ(M)
M
[∫
dlnM ′ ψ(M ′)
]−1
, (C.4)
and the fraction of PBHs that have undergone a merging event before the time t is given by [86]
P
(1)
PBH(t) = 1.34× 10−2
(
Mc
M
) 5
37
(
t
t0
) 3
37
f
16
37
PBHΥ1, (C.5)
where all the dependence on the shape of the mass function is given by the adimensional factor
Υ1 =
(∫
dlnx ψ˜(x)
) 16
37
∫
dxidxjdxlF˜ (xi)F˜ (xj)F˜ (xl)(xi + xj)
36
37x
3
37
i x
3
37
j x
− 21
37
l , (C.6)
8The analysis we adopt neglects the suppression factor on the merging rates due to the disruption of the binaries
from the surrounding PBHs, which is found to be effective only for fPBH ∼> 0.01 [80, 88]. Taking into account this
effect would make the conclusion of this Appendix slightly stronger.
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where F˜ (x = M/Mc) = McF (M,Mc) and ψ˜(x = M/Mc) = Mcψ(M,Mc). The fraction of PBHs
that have merged in a second-merger process at time t is instead given by [86]
P
(2)
PBH(t) = 1.21× 10−4
(
Mc
M
) 10
37
(
t
t0
) 6
37
f
32
37
PBHΥ2, (C.7)
in terms of the factor
Υ2 =
(∫
dlnx ψ˜(x)
) 32
37
∫
dxidxjdxkdxlF˜ (xi)F˜ (xj)F˜ (xk)F˜ (xl)(xi+xj)
6
37x
6
37
k x
− 42
37
l (xi+xj+xk)
72
37 .
(C.8)
The conditional probability that PBHs which have merged are the results of a second-merger
process at time t is given by
P
(2|1)
PBH (t) = 9× 10−3
(
Mc
M
) 5
37
(
t
t0
) 3
37
f
16
37
PBHΥ with Υ =
Υ2
Υ1
. (C.9)
Typically, various shapes of the mass fraction are considered in literature, corresponding to the
most common formation scenarios of PBHs. In the following we will consider a critical, spiky,
lognormal, and power-law mass functions.
• Critical scaling mass function: the mass function given by the one for the critical
collapse as [89, 90]
ψ(M) =
3.2
M
(
M
Mc
)3.85
e
−
(
M
Mc
)2.85
, (C.10)
and therefore
F (M) =
2.85
M
(
M
Mc
)2.85
e
−
(
M
Mc
)2.85
. (C.11)
The resulting value for the rescaled merger fraction is Υ = 6.
• Monochromatic mass function: PBHs which have a monochromatic mass function are
distributed as
ψ(M) = δ (M −Mc) , (C.12)
i.e. they have all the same mass Mc. The resulting value for the rescaled merger fraction is
Υ = 4.8. This case is the simplest configuration but it is unrealistic since even a monochro-
matic power spectrum of curvature perturbations gives rise to a larger mass function (i.e.
the “critical scaling mass function” presented above) due to the dynamics of the critical
collapse.
• Lognormal mass function: this represents a frequent parametrisation which describes
the case of a PBHs population arising from a symmetric peak in the primordial power
spectrum, see for example Ref. [91] and references therein, being
ψ(M) =
1√
2piσM
exp
(
− log
2(M/Mc)
2σ2
)
. (C.13)
The resulting value for the rescaled merger fraction is Υ ∼ (5÷15), depending on the width
of the distribution σ.
• Power-law mass function: which is typically obtained when considering the time evolu-
tion for models with a broad power spectrum of the curvature perturbations, see Ref. [92],
ψ(M) =
1
2
M
1/2
c
M3/2
Θ(M −Mc), (C.14)
The resulting value for the rescaled merger fraction is Υ = 4.75.
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Figure 11. Total fraction of PBH binaries formed out of PBHs that have already merged before time t(z)
in terms of the total mass Mtot of the binary and the redshift z, with fixed fPBH. We superimpose the
estimated curves identifying the horizon within which aLIGO (red line) and ET (blue line) will be able to
detect a merger.
In Fig. 11 we plotted P
(2|1)
PBH (z) in terms of the total mass Mtot of the observed binary and the
redshift assuming a certain value for the fraction of PBHs as DM fPBH. We superimpose the curves
representing the horizon at which aLIGO and ET experiments will be able to detect a merger at
that total mass and redshift, assuming equal-mass and non-spinning binaries, see Refs. [93, 94].
The plotted results are found assuming a critical scaling mass function. Other mass functions
typically used in literature would give rise to O(1) corrections to the result.
One can conclude that only a tiny fraction of BHs detectable through their merger at aLIGO
or ET have suffered a previous merger. This implies that the spin of each binary component is
the one at primordial formation, plus possibly its accretion contribution, as discussed in the main
text.
D The evolution of the mass function
In this appendix we discuss how the mass function changes when the mass evolution is taken
into account. To give a quantitative estimate of this effect we will consider some of the mass
functions analysed in the previous appendix, which are summarised in the left panel of Fig. 12.
The resulting distribution of the mass ratio q = M2/M1 ≤ 1 for a random pair of masses (M1, M2)
in each case is plotted in the right panel of Fig. 12. One can notice how peaked mass functions
give a distribution for the mass ratio peaked close to unity, while broader mass functions favour
mass ratios closer to zero.
The evolution of the mass function can be computed analytically once the mass evolution
is taken into account. Following the evolution of the mass accretion rate (see Fig. 4 for Model I
and Fig. 5 for Model II) one can start with a certain mass at high redshift and evolve it into a
different mass as
M → f(M, z). (D.1)
Correspondingly, defining ψ(M) as the mass function at the formation time, the resulting mass
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Figure 12. Left: Various mass functions ψ(M) considered in this work. We set Mc = 1. Right:
Corresponding distributions of the mass ratio q = M2/M1 of a PBH binary.
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Figure 13. Top: Examples of evolution of the mass function in Model I. Bottom: Examples of evolution
of the mass function in Model II.
function at redshift z will be
ψ(M, z) = ψ(M ′)
(
df(M ′, z)
dM ′
)−1 ∣∣∣∣
M ′→f−1(M,z)
. (D.2)
One can check explicitly that the unitary normalisation is maintained.
Fig. 13 shows the evolution of the mass function for Model I (top panels) and Model II
(bottom panels), for the choices of a critical and lognormal shape at the formation time. As
the evolution proceeds, the height of the mass function decreases with a consequent increase of
the tail of the distribution due to the effect of the accretion processes, even though the peak is
maintained at almost the same position in the mass range.
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